Introduction
Graphene is a 2D-honeycomb lattice of carbon atoms. Its experimental realization has opened up new horizons in condensed-matter physics and material science. It is becoming increasingly important in electronics and material science for its outstanding electrical, thermal and mechanical properties. Graphene possesses four valence electrons for each carbon atom. Three of these (s-electrons) form tight bonds with the neighboring atoms in the plane and do not play a part in the conduction phenomenon. The fourth (p-electron) may move freely in the positive-ion lattice. Unique electronic properties make graphene substantially different from the conventional two-dimensional electron gas (2DEG).
Theoretically, various models have been adopted for studying this system. The electronic structure of graphene can be reasonably described using a simple tight-binding Hamiltonian [1, 2] . The spectrum is derived by solving the Schrödinger equation analytically for the electronic energy dispersion and related eigenstates [1] . Ezawa [2] studied the electronic properties of graphene derivatives which have closed edges. They are finite-length graphene nanoribbons and graphene nanodisks. No metallic states are found in finite-length zigzag nanoribbons; but all infinite-length zigzag nanoribbons are metallic. Also, no metallic states are found in hexagonal, parallelogrammic and trigonal nanodisks with zigzag or armchair edges, except trigonal zigzag nanodisks. The degeneracy of the metallic states in trigonal zigzag nanodisks can arbitrarily be designed by changing the size. Grushin et al. [3] proposed a phenomenological model that included the linear behavior of the scattering rate at low frequencies, and showed that it could explain qualitatively optical-conductivity experiments of doped graphene in the infrared regime. Strictly speaking, graphene should be described by the relativistic Dirac equation, rather than the non-relativistic Schrödinger equation, with an effective mass, because the electronic group velocity -estimated at the Dirac points -is quite high ∼1×10 6 m/s [4, 5] .
Experimentally, transport and thermodynamic properties have been studied. An unusual quantum Hall effect (QHE) was discovered in high-quality graphene samples [6] . In contrast to conventional 2D systems, the observed quantization condition in graphene is described by half-integer, rather than integer, values. Markin et al. [7] studied the temperature dependence of the heat capacities of disordered graphite-like nanostructures prepared by the thermobaric treatment of fullerite C 60 in the temperature-interval from 7 to 610-650 K. Two samples were prepared by treating the fcc fullerite C 60 under high pressure (2 and 8 GPa) and temperature (1373 K), for 2000 s. Then the pressure and temperature were abruptly decreased to 0.1 MPa and 298 K to produce thermodynamically metastable structures. It was found that the heat capacity of these two samples depended on T to the power 2.5 and 2.7.
Several previous studies were interested in the thermodynamic properties of twodimensional graphene. Wright et al. [8] used the electronic states in the tight-binding approximation to calculate the thermal and magnetic properties of graphene nanoribbons under zero and finite magnetic fields. Nasir et al. [9] studied the thermodynamic properties of a monolayer graphene system and compared the results to those of the conventional 2DEG.
They found the system to be less sensitive to the temperature and more sensitive to the magnetic field, as compared to 2DEG. Li et al. [10] calculated the chemical potential, total energy and specific heat as functions of the temperature, carrier concentration and the effective mass at low temperatures with relativistic effects. They evaluated and discussed the density distribution of massive Dirac fermions as functions of the effective mass and the carrier density, which could be varied in doped or gated graphene systems. They distinguished between two cases: with and without relativistic effects. For massless fermions, the total kinetic energy was equal to a constant ∼ n 3/2 for a given density n; and the specific heat maintained its linear behavior with temperature. Yi et al. [11] studied the low-energy electronic energy structure of a graphene strip near band-crossing points and made use of the finite width effect in the low-temperature heat capacity, C el (T). They found that the lowenergy electronic structure depended strongly on the strip width and the relative strength of various spin-charge coupling mechanisms, and that the overall behavior of C el (T) was similar to that of a two-level system. Here, as shown later, we find that the specific heat obeys a power-law behavior ∝ ܶ ఈ , with ߙ = 2.0 ~ 3.5 in the metallic region at extremely low temperatures.
In this work, the thermodynamic properties of two-dimensional graphene nanosystems are investigated. The properties considered are the internal energy, the occupation number, the specific heat capacity and entropy. We shall use the static fluctuation approximation (SFA) [12] [13] [14] [15] . SFA is a relatively simple approach in which the square of the local-field operator is replaced with its mean value. The physical implication is that the true quantum-mechanical spectrum of this operator is replaced with a distribution around its expectation value. This approximation has been used successfully to study the proton model of ferroelectrics with tunneling [13] , neutral many-bosonic systems [14] , neutral many-fermionic systems [15, 16] , spin-polarized systems [17, 18] , hot nuclear matter [19] and trapped Bose gases [20] . Here, SFA will be invoked to study the thermodynamic properties of graphene nanosystems. The corresponding algorithm, with Boltzmann-Gibbs statistical mechanics, is based on nonextensive statistical mechanics. Only nonrelativistic effects are taken into account; a relativistic treatment demands a drastic modification of SFA, which will be attempted in a future work. Thus, the present calculations may be regarded as a first step in studying graphene within the framework of SFA.
We have considered a nanosystem of carbon atoms of graphene strips, each atom contributing one free electron of mass m e . The electrons are confined to a finite twodimensional 'box'. Nonextensive statistical mechanics will be invoked to calculate the thermodynamic properties of this system [21] [22] [23] . The basic principles of thermodynamics and statistical mechanics for small systems were formulated some time ago [24] . Since then there has been a spate of studies. For example, Nassimi and Parsafar [25] used scaling methods to render nonextensive thermodynamic functions of such systems extensive, and vice versa. Employing extensive molecular dynamic simulations, Mohazzabi and Mansoori [21] investigated the extensivity of the internal energy and entropy, as well as the intensivity of the temperature and pressure, in small atomic systems consisting of less than 1000 argon-like particles; interacting through the Lennard-Jones potential. They found that, in small systems, contrary to macroscopic systems, the internal energy and entropy are nonextensive; whereas the temperature and pressure are nonintensive.
The rest of the paper is organized as follows. The model of our system is described in Section 2. Section 3 summarizes the basic principles and techniques of SFA for nanosystems using nonextensive statistical mechanics. The corresponding closed set of nonlinear equations, which is an essential feature of SFA, is the subject of Section 4. The thermodynamic properties of nanosystems are written down in Section 5. The results are presented and discussed in Section 6. Finally, in Section 7, the paper ends with some concluding remarks.
Graphene System
Graphene can be modeled by a neutral system of N interacting electrons moving on a smooth finite 2D surface [say, in the xy-plane], with a uniform positive background consisting of N carbon ions.
From basic quantum mechanics, the wavefunction of a single electron moving in a finite two-dimensional 'box' with sides of lengths
The periodic boundary conditions determine the allowed wavenumbers as
n and m being positive integers.
The eigenvalues ߝ of the single-electron energy are given by
݉ being the electron mass.
The total Hamiltonian describing the system can be written as the sum of three terms:
where H 0 is the single-electron Hamiltonian with eigenvalues ߝ , H el-c is the electron-carbon ions interaction, and H 1 is the electron-electron interaction.
The interaction energy between an electron and a carbon ion is given by [26]
Here, ሺ‫ݔ‬ , ‫ݕ‬ ሻ is the position of the i th electron. The exponential convergence factor is inserted to ensure the convergence of the integral; ߟ will eventually be allowed to vanish because of the long-range nature of the Coulomb interaction. The electron-carbon ions interaction H el-c is a one-particle operator since it acts on each electron individually. The positive ions are much heavier than the electrons; so the ionic motion can be neglected to a first approximation (the well-known adiabatic or Born-Oppenheimer approximation). In our work, graphene was modeled by a system of N interacting electrons placed on a smooth finite 2D surface, with a uniform positive background. For such a uniform distribution, the ion density ݊ሺ‫,ݔ‬ ‫ݕ‬ሻ = ܰ/ℓ ଵ ℓ ଶ [26] . The only dynamic variables are those pertaining to electrons, because the carbon ions are localized. Thus, H el-c is a c-number [26] . This term is included in the effective chemical potential of graphene; it causes an enhancement of the Fermi degeneracy temperature T F of the system. All interesting physical effects are thereby contained in the electron-electron interaction H 1 .
In second quantization, the Hamiltonian (H = H 0 + H el-c + H 1 ) for N interacting fermions in a 'box' is given by
ܽ ො nm + , ܽ ො being the creation and annihilation operators for an electron in the state |݊݉〉.
The grand canonical Hamiltonian of this system is
where ܸ భ భ మ మ య య ర ర is the interaction matrix element, defined as
µ being the 'effective' chemical potential of graphene.
SFA Formalism
For a specific Hamiltonian ‫ܪ‬ , the Heisenberg representation of a creation operator ܽ ො ା is given by
where ߬ = ‫.ݐ݅‬ The equation of motion of the creation operator in this representation is
Here, n and m are indices denoting the complete set of compatible quantum numbers describing a specific state.
In SFA [12] [13] [14] [15] , the total Hamiltonian can be expressed as a linear combination of the local-field operator ‫ܧ‬ and the number-of-particles operator ݊ ො :
where ݊ ො = ܽ ො ା ܽ ො , and ‫ܧ‬ is to be found from the equation of motion for the operator in the Heisenberg picture:
So
‫ܧ‬ is assumed to be hermitian; it commutes with the creation and annihilation operators according to the well-known relations for a Fermi system:
Then ‫ܧ‬ can be calculated as follows:
Using Eq. (12), we have The local-field operator ‫ܧ‬ can be written as:
where ‫ܧ〈‬ 〉 is the mean energy of the system, and ‫ܧ∆‬ is the corresponding deviation [13, 14] :
In SFA [13] , the square of the quadratic-fluctuations operator is replaced with its mean value:
Closed Set of Nonlinear Equations for Finite Systems in SFA
As already mentioned, SFA has been extensively used for investigating infinite systems [12] [13] [14] [15] . In this work, SFA is applied to a finite nanosystem. Therefore, instead of the usual extensive statistical mechanics, Tsallis nonextensive statistical mechanics [3] will be used.
The corresponding solution of the Heisenberg equation of motion within this 'generalized' statistical mechanics and SFA can be written as
where
The desired generating equation for nonextensive systems can be obtained from the following expression for the expectation value:
the probability function ߩ being defined as
Here and below, we shall replace ߬ with ߚ ≡ 1 ݇ ܶ ⁄ , ݇ being Boltzmann's constant and ܶ the absolute temperature; this is common in statistical mechanics [27] .
Equation (26) This can be rewritten in the form
where the local-field operator commutes with the creation and annihilation operators.
Choose ‫ܤ‬ to commute with the local-field operator as well as with the creation and annihilation operators. Then, Eq. (36) becomes Putting ‫ܤ‬ = 1 in Eq. (45), we obtain the particle distribution:
Since ‫ܧ∆〈‬ 〉 = 0, the deviation of the occupation number is defined as
Again, putting ‫ܤ‬ = ∆݊ ො ′ ′ in Eq. (50), we obtain the pair correlation function:
Here ݊ ≠ ݊′ and ݉ ≠ ݉′. The correlation function can be written as [15] 〈∆݊
From this equation, the quadratic fluctuations can be expressed in terms of the occupation number:
Finally, putting ‫ܤ‬ = ‫ܧ∆‬ in Eq. (45), we obtain
We now have a closed system of nonlinear equations for ‫ܧ〈‬ 〉 , 〈݊ ො 〉 , 〈∆݊ ො 〉 , 〈∆݊ ො ∆݊ ො ′ ′ 〉 , and ߮ . These equations will be solved numerically using Gaussian quadrature.
Thermodynamic Properties of Nanosystems
Nanosystems are made up of countable numbers of particles in a small 'volume'. Thus, the thermodynamic limit − ܰ, ܸ → ∞ ; ே → ‫ݐ݊ܽݐݏ݊ܿ‬ − is violated; it follows that conventional thermodynamics and Boltzmann-Gibbs statistical mechanics will not be valid.
To compute the thermodynamic properties of these systems, one should first evaluate the grand partition function of a nonextensive system, ࣴ ୯ , defined as [28, 29] It is simpler to take the logarithms of both sides:
ሺ58ሻ
Using the identity (42), we have
where ߞ ሺ݊݉ሻ and ߞ ଵ ሺ݊݉ሻ are given by
and
The operator △ ‫ܧ‬ is symmetric. Therefore, the second term on the right-hand side of (59) vanishes. Then ݈݊൫ࣴ ൯ = ߞ ሺ݊݉ሻ;
ሺ62ሻ
The mean internal energy〈‫ܪ‬ 〉 is, then, Using the relation (29),
we get
which is equivalent to
The specific heat at constant volume is evaluated using
The entropy can be calculated from
A word is in order here regarding the values of the quantum numbers (n,m) used in the present calculations. These values were chosen so as to give a 'stable' solution of the coupled equations; i.e., a solution which is independent of (n, m). For more details, see [30] .
Results and Discussion
Graphene is a hexagonal arrangement of carbon atoms. and l 2 (the dimensions of the 'box') depend on the number of carbon atoms in it as well as on the geometry of the 2D box. We can calculate l 1 and l 2 using properties of regular hexagons.
In this work, we studied a rectangular geometry: for N = 50 atoms, l 1 = 29.51 Å and l 2 = 2.84 Å; and for N = 150 atoms, l 1 = 91.0 Å and l 2 = 2.84 Å.
The thermodynamic properties of 2D graphene were studied at temperatures around the Fermi degeneracy temperature T F for extensive (q =1) and nonextensive (q=0.9) systems. The input potential was the Coulomb interaction. Our results are summarized in Figs.1-9 and Table 1 . Figures 1-3 show the thermodynamic properties of graphene as functions of T for q = 1 and 0.9. It is clear that the mean internal energy per electron U/N, the specific heat ‫ܥ‬ ሺܶሻ/ܰ and the entropy S increase monotonically with increasing temperature.
In Fig.1 , U/N is plotted as a function of T for different q. It is noted that ܷ ߙ ܶ at T > 8
eV. For T< 8 eV, the differences between extensive and nonextensive results are not appreciable; while for T> 8 eV, the differences become quite tangible. The behavior of the entropy per unit area S is illustrated in Fig. 3 . It is noted that S goes to zero as T→ 0; which is in agreement with the third law of thermodynamics. Clearly, S increases as q decreases. At T >20 eV, S is independent of q. properties of our system decreases with increasing q (nonextensivity). The temperaturedependence of ‫ܥ‬ ሺܶሻ/ܰ at low T, calculated using extensive statistical mechanics, is in agreement with [31] .Yi et al. [32] investigated low-energy electronic states and the heat capacity of graphene strips. The density of states was obtained by diagonalizing a lattice
Hamiltonian for strips with zigzag and armchair edges, respectively. It was found that the overall behavior of the heat capacity ‫ܥ‬ was similar to that of a two-level system, and the low-temperature heat capacity showed unconventional behavior of ‫ܥ‬ ߙ ܶ ఈ with α≈2.2, but varying slightly for different choices of band-structure parameters and strip width. Figure 9 represents the equation of state ݂ ‫ܣ‬ = ݇ ݈ܶ݊ࣴ of our system as a function of T for q = 1 and 0.9 (݂ being the force per unit length). It is noted that ݂ ‫ܣ‬ for the nonextensive case is higher than that for the extensive case. At low T, ݂ ‫ܣ‬ increases monotonically in the extensive case; while it increases dramatically in the nonextensive case. At high T, this quantity increases monotonically in both extensive and nonextensive cases.
Conclusion
It was found that, for the present system, the mean internal energy per electron U/N, the specific heat ‫ܥ‬ ሺܶሻ/ܰ and the entropy S increase with increasing temperature. Also, it was established that these properties are less sensitive to the temperature when using nonextensive -in contrast to extensive -statistical mechanics. In addition, it was found that ‫ܥ‬ ሺܶሻ/ܰ is independent of N, and S/N increases as N increases -as expected. It was noted that the mean internal energy and the specific heat behave as a power-law ܶ ఈ at T < 8 eV;
whereas they go to the classical limit for the two-dimensional ideal gas at T > 8 eV. The general behavior of the chemical potential is consistent with that of an ideal Fermi system.
In future work, it is intended to calculate the thermodynamic properties of graphene using the relativistic Dirac equation, instead of the nonrelativistic Schrödinger equation. This means that SFA for the relativistic case should first be derived and studied. [31] b [11] c [7] d [32] 
